approximation in case of a layered Earth. However, we show that by increasing the number of layers, the solution tends exactly to the correct one, differently from what happens with the Gilbert & Backus (1968) solution.
This paper is organized as follows. In Section 2, we present the governing equations of a transversely isotropic, layered and self-gravitating Earth using the spherical coordinate system. We also recall the definition and main properties of the vector spherical harmonics (VSH). In Section 3, we derive the analytical solution, and its application to the layered mantle in terms of propagator matrices. To achieve our goal, we first derive the equations which govern the expansion coefficients. We then present the analytical solution for the expansion coefficients in the mantle of the Earth under the assumption that, in each layer, the density varies as 1/r (where r is the radial coordinate) while the gravity is constant. We finally obtain the propagator matrix and thus the solution in the layered mantle. In Section 4, the analytical solution in the core is derived along with the corresponding core-mantle boundary conditions. In the core, we assume that the gravity in each layer varies linearly in r with constant density. Also in this section, different core models are discussed. In Section 5, we define the LLNs. In Section 6, we first validate our LLNs against the benchmarks (Spada et al. 2011) , estimating the magnitude of the effect of the approximation on the LLN. We then present numerical results of LLNs for five earth models, all based on Dziewonski & Anderson's (1981) Preliminary Reference Earth Model (PREM). Our earth models clearly demonstrate that with only 56 layers in the mantle and 26 layers in the core, we can achieve a relative error of less than 1 per cent on the density and gravity distributions against the PREM model. Conclusions are drawn in Section 7. Seven appendices are provided for the readers' convenience.
G OV E R N I N G E Q UAT I O N S A N D V E C T O R S P H E R I C A L H A R M O N I C S
We assume a spherically layered Earth with each layer satisfying the following governing equations (e.g. Farrell 1972; Wu & Peltier 1982) σ ji, j − (ρgu r ) ,i − ρψ ,i + g(ρu j ) , j δ ir + f i = 0; ψ , j j + 4π G(ρu j ) , j = 0.
(1)
In eq. (1), repeated indices take the summation over the spherical coordinates (r, θ, φ) and an index following the subscript comma indicates the derivative in the coordinate direction, G is the universal constant of gravitation, δ the Kronecker delta, σ ji the stresses, ρ and g are the density and gravitational acceleration, f i the body forces (per unit volume), u i the displacements, and ψ is the perturbed gravitational potential (which may include the tidal body-force, surface load and deformation potentials) with its negative gradient being the perturbed gravity. This sign convention is the same as in Farrell (1972) and Wu & Peltier (1982) , but opposite to that in Takeuchi & Saito (1972) and Sun (1992) .
Strain (tensor ε ij ) and displacement relations in spherical coordinates are ε rr = u r,r ; ε θθ = u θ,θ + u r r ; ε φφ = u φ,φ r sin θ + u θ cot θ + u r r 2ε r θ = u θ,r + u r,θ − u θ r ; 2ε r φ = u φ,r + u r,φ r sin θ − u φ r
We also need the relation between the potential and its gradient which are coupled with the elastic displacements. We define it as the 'generalized flux' below q = ψ ,r + 4π Gρu r + n + 1 r ψ,
where n is the degree in the VSH defined below. Instead of making the conventional assumption that the mantle is isotropic, we assume that the mantle is anisotropic but with a specific axis of symmetry. This particular form of anisotropic medium is known as transversely isotropic in the literature (Anderson 1961) . For the spherical Earth, transverse isotropy means that the material axis of symmetry is along the radial direction and that the material property on any sphere of given radius is isotropic. This allows us to analytically solve the equations including the anisotropic mantle layers given in Dziewonski & Anderson (1981) .
The Hooke's law for each of the spherical mantle layer which is transversely isotropic with r-direction being its material axis of symmetry is (Anderson 1961; Chen et al. 2015) σ rr = c 33 ε rr + c 13 ε θθ + c 13 ε φφ σ θθ = c 13 ε rr + c 11 ε θθ + c 12 ε φφ σ φφ = c 13 ε rr + c 12 ε θθ + c 11 ε φφ σ θr = 2c 44 ε θr ; σ φr = 2c 44 ε φr ; σ θφ = 2c 66 ε θφ ,
where c ij are the elastic constants with c 66 = (c 11 -c 12 )/2.
For the isotropic elastic material, eq. (4) is reduced to c 11 = c 33 = λ + 2μ c 12 = c 13 = λ; c 44 = c 66 = μ,
where λ and μ are the two Lame's elastic constants.
In the following, we will solve the equations under the general anisotropic formulation (4). The results for the usual isotropic case are obtained automatically when eq. (5) is satisfied.
The interface conditions between any two adjacent layers (with superscript plus and subscript minus signs for them) in the mantle are 
The surface condition and the condition at the core-mantle boundary will be discussed later in the paper.
To solve the loading problem we employ the VSH in terms of the spherical coordinates. The VSH is defined as (Ulitko 1979; Chen et al. 2015) L(θ, φ; n, m) = e r S (θ, φ; n, m) M(θ, φ; n, m) = r ∇S = e θ ∂ θ + e φ ∂ φ sin θ S (θ, φ; n, m) N(θ, φ; n, m) = r ∇ × (e r S) = e θ ∂ φ sin θ − e φ ∂ θ S(θ, φ; n, m),
where e r , e θ and e φ are the unit vectors, respectively, along r-, θ-and φ-directions, and S is the normalized spherical harmonic function. It should be noted that while L and M represent the spheroidal deformation (called LM-type deformation), N represents the toroidal deformation (called N-type deformation). Some basic properties of this spherical harmonic function S and the VSH are provided in Appendix A for easy reference.
Since the system (7) is orthonormal, we can expand any vector, such as the displacement u, radial traction t, as well as the scalar gravitational potential ψ, and flux q in terms of the system as 
We remark that the expansion coefficients on the right-hand side of eq. (8) depend on the coordinate r as well as on degree n and order m (as the vector and scalar spherical harmonics do). In the following discussion, we concentrate on the case where n ≥ 1. The special case of n = 0 (spherically symmetric deformation involving only vector function L) is presented in Appendix D.
A N A LY T I C A L S O L U T I O N S F O R T H E M A N T L E

Equations for the expansion coefficients
We first substitute the expansion expressions for the traction and flux into eqs (3) and (4), and compare the expansion coefficients on both sides of the equations. This gives us, for n ≥ 1,
where a 'prime' denotes the derivative with respect to the radial coordinate (radius) r. Other four equations for the expansion coefficients can be found from eq.
(1) as,
It is clear from eqs (9) and (10) that the N-type (i.e. toroidal) deformation governed by eqs (9d) and (10d) is independent from the LM-type (i.e. spheroidal) deformation governed by eqs (9a-c) and (10a-c). Furthermore, while the N-type deformation is decoupled from the gravity and is governed by
the LM-type deformation is coupled with the gravity and is governed by
Eq. (12) can be converted to the following standard first-order differential equations
For the isotropic case, making use of eq. (5), we have
We point out that in deriving eqs (11) and (13), the density and elastic coefficients can all be of arbitrary functions of r and that the gravitational acceleration or gravity g is related to the density by the Newton's gravitational law. We emphasize again that the formulations derived in this section hold only for the mantle materials with degrees n ≥ 1. We point out also that eqs (14a)-(14f) for the reduced isotropic case are the same first-order system of equations derived and used in the literature (e.g. Wu & Peltier 1982).
Analytical solutions for the expansion coefficients
While the analytical solution of eq. (11) for the toroidal deformation can be easily found (Watson & Singh 1972) , that of eq. (14) for the spheroidal deformation has been always solved numerically, except for the incompressible case (Wu & Peltier 1982) and for the case where the term g/r in the governing equation is assumed to be constant in each layer (Gilbert & Backus 1968) . In this paper, we solve eq. (13) analytically by assuming that the density in each layer of the mantle varies as 1/r, whilst the elastic properties and the gravity g are constant in each layer. As a special case we therefore obtain also the solution for an isotropic mantle material as governed by eq. (14).
Let us first assume that the mantle is composed of p layers, with layer j of the layered Earth is bonded on its top at r = r j and its bottom at r = r j−1 so that the thickness of layer j is h j = r j − r j−1 (Fig. 1) . The bottom surface of the first layer is at r = r 0 ≡ r c , that is the core-mantle boundary of the Earth. The structure of the liquid core will be analysed later on. A layered spherical Earth made of p layers in its mantle with an inner (layered) liquid core of radius r 0 = r c . The outer surface of the Earth is located at r p = a. Surface load is applied on r = a. In each mantle layer, the density is approximated to vary as 1/r, and the elastic coefficients as well as the gravity are assumed to be constant.
Within a given layer j, eq. (13) can be solved analytically if we assume that the gravity is constant whilst the density ρ varies as
We point out that the density profile of eq. (15) is one of the so-called Darwin's law profiles (see, e.g. Martinec et al. 2001) . In the present approach we model the Earth as a sort of expansion in a (finite) number of 'Darwinian' layers.
In case of a layered Earth,ρ in eq. (15) must be chosen such that the total mass is conserved in each layer. Starting from a reference model with constant density layers and choosingρ as the volume-average density of layer j, thenr is determined bȳ
Eq. (16) ensures that the mass is conserved in the layer and as such,r is, in general, different from the geometric mean of layer j. It is noted, however, that through eq. (15) we introduce artificial discontinuities in the density profile between the adjacent layers. This is part of the price we pay to be able to have an analytic solution.
For the given density distribution one can find the gravity g(r) in each layer using Newton's gravitational law.
Note that, according to eq. (17), in case of a pure Darwin's law profile like eq. (15), g is constant. Therefore the solution is exact in the case of a single layer. This is not true anymore in a layered Earth. However, to be able to use this solution in a layered mantle, we have also to assume that g is constant within each layer. This introduces of course an error in the model, and the solution will depart from the correct one. We will estimate this discrepancy in the section devoted to the numerical results, where we will also show that by tuning the number of density layers, this error can be made arbitrarily small. As a side comment, we emphasize that for the PREM model, the constant g assumption is actually not extremely inaccurate since the gravity varies gently within each layer as will be shown later in the numerical section. We further point out that a general and interesting discussion on the density distribution and the corresponding gravity variation can be found in Vermeersen & Mitrovica (2000) and Martinec et al. (2001) .
Under the assumption of eq. (15) and g = constant, eq. (13) can be converted to the following first-order differential system of equations: 
We now seek the solutions to the corresponding homogeneous systems of eqs (11) and (18). Looking at the right-hand sides of these equations, one immediately observes that the radial coordinate r appears in the displacement/potential and traction/flux expansion coefficients with a power that differs by one order, a feature similar to the linear elasticity (e.g. Watson & Singh 1972; Chen et al. 2015) . Thus, in order to solve these homogeneous systems of equations, we introduce, for a given layer j with interfaces at r = r j−1 and r j (>r j−1 ) the following variable transformation as in Chen et al. (2015) 
Under this transformation, the homogeneous systems of eqs (11) and (18) with the special r-dependence coefficients are converted to the following ones with constant coefficients
where the prime now indicates the derivative with respect to ξ , not with respect to r, and
The elements of the constant matrices R i in eq. (20b) are listed in Appendix B.
Treating r(ξ )T N and r(ξ )T as new functions, eq. (20) can be recast into the following first-order differential equations with constant coefficients
In eq. (22),
Notice again that in case of a uniform Earth with Darwin's law profile (i.e. eq. 15), these equations are exact.
Propagator matrices and solutions in layered mantle
First, since the coefficient matrices in eq. (22) are independent of ξ , we can analytically find their eigenvalues and the corresponding eigenvectors to form the general solutions of eq. (22) inside each layer. In terms of the exponential matrix formalism directly (i.e. Gantmacher 1977) , the analytical solution in each layer can be simply expressed as
Now, for layer i, with its inner and outer interfaces at r = r i−1 and r i , the expansion coefficients at its interfaces are connected through
Making use of the interface continuity conditions (eq. 6) between any adjacent layers, which requires that the expansion coefficients be continuous as
we can propagate the solution (25) from the core-mantle boundary r = r c (r 0 ) all the way to the surface of the Earth at r = a (r p ). This gives us
Making use of the interface conditions on the core-mantle boundary at r = r c and the surface conditions at r = a, eq. (27) can be solved for the involved unknowns on both sides. After that, the expansion coefficients at any r-level within any layer can be found by simply employing the propagating relation (24).
We point out again that the formulations derived so far hold only for the mantle of the Earth and for degree n ≥ 1. We now discuss and derive the solutions in the core.
A N A LY T I C A L S O L U T I O N S I N T H E C O R E A L O N G W I T H T H E C O R E -M A N T L E B O U N DA RY C O N D I T I O N S
This section again is for degree n ≥ 1. Three core models that have been studied in recent literature will be discussed. A layered core made of m layers over a homogeneous inner core of radius r = r 0 is sketched in Fig. 2 .
In order to develop our analytic approach, we assume that, in each core layer, the density is constant and gravity is linear in radius as g = kr (Gilbert & Backus 1968) . As for the mantle case, these assumptions are consistent with eq. (17) for a single layer, but are instead an approximation to the correct physics when enforced inside each layer. We emphasize that this assumption is to ensure an analytical solution in each layer of the core (see, Gilbert & Backus 1968; Martinec 2000; Cambiotti et al. 2009 ). We further point out that this specific choice of constant density and linear gravity is actually a good approximation. By examining the PREM model, it is apparent that a reasonable model for approximating the layered core is to assume that, in each layer, the gravity is linear in radius as g = kr with constant density (Gilbert & Backus 1968) . In any case, the accuracy of the model needs to be compared with the PREM model, as we will discuss in the numerical section. In the following, however, we first turn our attention to the three common core models. 
Layered and compressible core
For this model, we follow Saito (1974) and Sun (1992) by introducing the new variable Y which is related to Q, T L and as
Then, one can derive the following first-order differential system of equations for and Y as
where the density ρ can be any function of r, and the gravity g is related to the density via Newton's gravitational law (17).
To solve this system of equations analytically, we subdivide the core into layers and assume that in each layer the density ρ can be approximated as constant and that the gravity as a linear function g = kr. The case of a single layer with constant ρ implies g = kr (eq. 17). So in this case the equations are correct, and the solution is exact. In case of a layered core model, this assumption violates the relation (17) between ρ and g, and therefore the corresponding solutions are not correct any more. However, we will show that the effect introduced by this 'error' can be controlled by choosing the number and thickness of the layers. Now, under the constant density and linear gravity assumption, eq. (29) is reduced to
with the constant coefficients a ij being
It should be remarked that the structure of eq. (30) can be also achieved by assuming that, in each core layer, the density ρ follows 1/r and the gravity g is constant (excluding the innermost layer of the core where one can assume a constant density with a linear gravity, for example Wu & Peltier 1982) . However, the first choice is more natural, since the PREM core model indicates that a linear gravity is a better approximation to the gravity distributions in the core than the constant gravity approximation.
Similar to the first-order differential equations governing the N-type deformation (eqs 20a and 24a), eq. (30) has an analytical solution in each given layer and thus the following propagating relation in terms of the transformed variable ξ
where
In the innermost core layer with a small radius r ≤ r 0 , eq. (29) has the following solution,
Thus, we can propagate this solution from r = r 0 to the core-mantle boundary at r = r c to obtain
Then the physical quantities on the core side of the core-mantle boundary can be transferred to the mantle side using (Saito 1974; Sun 1992 )
where c i (i = 1, 2, 3) are the three unknown coefficients and B c is the core-mantle matrix given as
We point out that while the second column in eq. (37) indicates that the tangential displacement at the bottom of the mantle is not restricted by the conditions in the core, the first and third columns are the two general solutions on the core side of the core-mantle boundary which are continuously transferred to the mantle side (Saito1974; Sun 1992) .
Passing the solution from the core to the mantle, and propagating the result to the surface of the Earth, we finally have
The three unknown coefficients c i on the right-hand side of eq. (38) can be solved by the boundary conditions on the surface of the Earth r = a, which will be discussed later.
Layered and incompressible core
It can be shown that under the assumption of an incompressible core, the potential field in the core is independent of the elastic deformation and further satisfies the following first-order differential equations (Wu & Peltier 1982)
where again the density ρ can be any function of r, and the gravity g is related to the density via Newton's gravitational law (17).
This first-order differential system of equations is exactly the same as eq. (29). Therefore, it assumes the same initial solution when r ≤ r 0 , as in eq. (34) but for the function pairs ( , Q)
Similarly, we subdivide the core into layers and assume that in each layer the density ρ is approximated as constant and the gravity is approximated as linear g = kr. Just like in the layered compressible core, this assumption is exact in case of a uniform core. We then arrive at the same matrix [A] as in eq. (33). We therefore have the same propagating relation eq. (35) (one needs just to replace Y by Q in eq. 35). Once being propagated to the core-mantle boundary r c , we obtain eq. (38), but with the new core-mantle boundary matrix [B c ] being defined as
Thus, solutions for the incompressible and layered core case are derived. We point out that, for a fixed mantle model, the layered compressible and layered incompressible cores predict exactly the same LLNs under the core-mantle conditions (37) and (41) presented in the paper. This is due to the fact that the first column in eq. (37) is a linear combination of the first and third columns of eq. (41).
Homogeneous and incompressible core
If we assume that the liquid core is homogeneous and incompressible, then the same solution (40) can be applied to the entire core. Making use of the continuity conditions on the core-mantle boundary r = r c , we have, on the mantle side of r = r c , the following relations
where again c i (i = 1−3) are the three coefficients to be determined by the boundary conditions applied on the surface of the Earth. Thus, in the propagating relation (38), the core-mantle boundary matrix [B c ] for this simple homogeneous and incompressible core model is reduced to
L OA D L OV E N U M B E R S
For the first two core models (layered compressible and layered incompressible), we can propagate the analytical solutions from the center of the core to the core-mantle boundary at r = r c . Then for all the three core models (including the homogeneous incompressible core model), we can propagate the solution from the core-mantle boundary to the surface so that we finally have, on the surface of the Earth r = a (=r p ),
For the surface loading case, the boundary conditions for the expansion coefficients on the surface r = a can be expressed as
where we have assumed that the product of the load height (e.g. tide height) and density (i.e. water density) as a single scalar function can be expanded as
where C m n are the expansion coefficients Therefore, making use of the boundary conditions (46) at r = a, we can solve the three unknown coefficients c i in eq. (44) by using the last three expressions. After that, the first three expressions in eq. (44) can be used to find U L , U M and on the surface of the Earth at r = a.
By definition of the LLN (neglecting the prime sign in the LLN), we have the following expressions for the LLN (in proportion to the magnitude of the perturbed potential ψ l )
We point out that eq. (48) is the expression for the LLNs of degrees n > 1. For n = 1, since the rigid-body motion is involved, one can solve the three first-degree LLNs by assuming that the center of mass of the Earth plus the surface load (CE) is fixed in space as in Farrell (1972) or by simply using the centre of mass (CM) system as in Spada et al. (2011) . Detailed discussions on the perturbed potential and definition of the LLNs for n = 1 are given in Appendix C. The analytical solution and the LLN for degree n = 0 are also discussed and are presented in Appendix D.
N U M E R I C A L R E S U LT S
LLNs of the benchmark example
The analytical solutions are coded in MATLAB and are first checked against the benchmark numerical results in Spada et al. (2011) . The simple earth model contains four incompressible layers in the mantle over a homogeneous and incompressible core. Each mantle layer is isotropic with a constant density and a shear modulus. This benchmark model is taken from table 3 of Spada et al. (2011) with its details being also provided in Appendix E for easy reference. We point out that, different from Spada et al. (2011) , here we assumed that, in each layer, the density follows the 1/r-variation as in eq. (15) withρ being the constant density in Spada et al. (2011) . The gravity in each layer is constant, being the average over the layer governed by the Newton's law (17). We remark that while piecewise constant density distribution in Spada et al. (2011) may not be the best approximation to the real earth model, this five-layer model provides an excellent benchmark and it is a good reference for assessing the accuracy of a code in predicting the deformation of the Earth subject to mass and tidal loading.
In order to apply our analytical solutions and the corresponding code to this piecewise constant layering structures, we approximate each layer of constant density by different numbers of layers where their density is proportional to 1/r and the gravity is constant. Again, the average constant gravity in each layer is calculated via Newton's gravitational law (17) up to that layer. In order to prove that the present approach works, we want first to measure the effect of the approximation for the density and of the decoupling of density and gravity on the LLN. This is performed using the same number of layers as the original benchmark model.
The second step is to show that these effects can be made arbitrarily small by increasing the number of artificial layers. This shows that the benchmark model can be effectively approximated arbitrarily well by a model with the same elastic properties, but an artificially fine layering in the density, necessary to be able to apply the analytic solutions layer by layer. To do so, we use the following simple j-step subdivision process: at the step j, we subdivide each of the 4 mantle layers into 2 j equally spaced sublayers. Each of this sub-layer has the same elastic properties as the original one. But for each of them, a finer approximation of the density profile according to eqs (15) and (16) is obtained. In this way, at step j, the mantle consists of 4 × 2 j layers, with step j = 0 being the original five-layer benchmark model. The calculated LLNs (−h n , −l n , and −k n ) from our code are listed in Tables 1 and 2. While Table 1 shows the LLNs for degrees n = 2 and 3 at different subdivision steps j, Table 2 lists, at step j = 18, the LLNs calculated by our code as compared to those from Spada et al. (2011) . It is observed from Table 1 that, with increasing step j or increasing layer numbers, our LLNs are clearly convergent to the benchmark results. Furthermore, they are all convergent monotonically, in terms of magnitude, from above to (except for j < 4) the benchmark LLNs Table 1 . LLNs for degrees 2 and 3 of the five-layer earth model used in Spada et al. (2011) obtained by the present analytical solutions with different refinements. More specifically, the constant density in each layer is approximated by a density variation of 1/r with different subdivisions of layers following 4 × 2 j in each subdividing step j. The final row (labelled as SP) contains the values from Spada et al. (2011) . Table 2 . Comparison of LLNs obtained at refinement step j = 18 and those in parentheses reported in Spada et al. (2011) . Note that the LLN l of degree n = 256 was convergent at an early step j = 16 with its value being −2.06125011 × 10 −4 . The results for degree n = 1 are based on the centre of mass (CM) reference system. n −h n −l n −k n 1 1.01748425 (1.0174843) 1.08122247 (1.0812225) 1.0 (1.0) 2 4.53915588E-1 (4.5391558E-1) 1.28221493E-1 (1.2822149E-1) 2.43983160E-1 (2.4398316E-1) 3 4.60598723E-1 (4.6059872E-1) 6.72379240E-2 (6.7237923E-2) 1.63798858E-1 (1.6379886E-1) 4 4.53094444E-1 (4.5309444E-1) 5.54990941E-2 (5.5499093E-2) 1.17385746E-1 (1.1738574E-1) 5 4.69288024E-1 (4.6928802E-1) 5.21188443E-2 (5.2118844E-2) 9.47296337E-2 (9.4729633E-2) 6 5.02508648E-1 (5.0250864E-1) 4.94002474E-2 (4.9400247E-2) 8. listed in Spada et al. (2011) . It is further noticed from Table 1 that using the benchmark five-layer model (j = 0) directly can already provide very good results as compared to those in Spada et al. (2011) , with a relative error less than 4 per cent. If we consider all LLN values for n from 1 to 256, the largest absolute difference between our code at step j = 18 and those by Spada et al. (2011) is less than 10 −8 (Table 2 ).
This partially validates that the analytical solutions presented in this paper are accurate since the difference between our solution and the benchmark is only related to the model approximation on the density and gravity variations. With this test we showed that the solution built in the previous sections can be successfully applied to the layered incompressible model. The two approximations that are necessary to obtain the analytic solution for a homogeneous Earth with a density profile of the Darwin's law form (eq. 15) and to extend the solution to the layered Earth (decoupling g and ρ) would at most introduce a relative error less than 4 per cent. Most importantly, we showed that this error can be made arbitrarily small by increasing the density layering and that the solution converges to the exact one, in contrast to what happens with the Gilbert & Backus solution (Gilbert & Backus 1968; Cambiotti et al. 2009 ). Since the solution is based on the analytic expressions, it can be implemented so that the additional computational cost of this artificial layering is small. Furthermore, the computation takes the same number of steps (and therefore the same time), independent of the harmonic degree.
The comparison with the benchmark model was therefore crucial to check the approach, and the implementation. Anyway the benchmark provides a check only for the incompressible models, for which (at least for isotropic material) an analytic solution already exists. In the next subsection, we will calculate the LLNs for a set of earth models, combining different cores, incompressible, compressible, with isotropic and transverse isotropic mantles. For some of these models it is also possible to compare the results with those obtained via a numerical code.
LLNs of various earth models
We now apply the solutions obtained in the previous sections to calculate the LLNs corresponding to the PREM earth model (Dziewonski & Anderson 1981) . In the mantle, we use 56 layers to approximate its density distribution in the PREM model as listed in table I of Dziewonski & Anderson (1981) , that is the polynomial representation, with the uniform elastic properties being just those in the corresponding layer and the constant gravity being the average of the layer. We further point out that these parameters are valid at a reference period of 1 s and that for depths from 24.4 to 220 km, the material property is transversely isotropic with their properties being listed in Dziewonski & Anderson (1981) . The elastic constants of eq. 
The top water layer is replaced by an elastic layer with properties similar to the layer below (i.e. Wang et al. 2012) . We point out that while elastic constants A and C are related to the velocities of P waves propagating perpendicular and parallel to the axis of symmetry (i.e. the radial direction), N and L are related to the shear-wave velocities. Elastic constant F is a function of the velocities at intermediate incidence angles (Dziewonski & Anderson 1981) . Fig. 3 shows the density distribution in the entire mantle based on our 1/r variation using 56 mantle layers vs the PREM model in terms of polynomial representation. The corresponding comparison on the gravity is also shown in this figure. We point out that the difference between our 56 layered mantle model and the PREM model for both the density and gravity is at most 0.6 per cent.
For the core of the Earth, we use 26 layers to approximate its gravity variation. For this case, the gravity in each layer is approximated as g(r) = kr variation with constant density. Fig. 4 shows the gravity distribution in the core based on our kr-variation using 26 layers vs the PREM model. The corresponding density is also shown in this figure. The maximum difference between our 26 layer core model and the PREM model for both the density and gravity is again less than 1 per cent.
Based on the mantle and core models along with the core-mantle boundary conditions, we have calculated the LLNs for the following five earth models. They are Model 1 is symbolically indicated by 56CT-26C: 56 mantle layers which are Compressible and Transversely isotropic, over 26 core layers which are Compressible. The transversely isotropic properties exist from 24.4 to 220 km in the mantle with properties being taken from table IV in PREM model, evaluated at a reference periods of 1 s (Dziewonski & Anderson 1981) ;
Model 2 is symbolically indicated by 56C-26C: 56 mantle layers which are Compressible and isotropic, over 26 core layers which are Compressible;
Model 3 is symbolically indicated by 56C-UInc: 56 mantle layers which are Compressible and isotropic, over a Uniform Incompressible core; Model 4 is symbolically indicated by 56Inc-26Inc: 56 mantle layers which are Incompressible and isotropic, over 26 core layers with are Incompressible;
Model 5 is symbolically indicated by 56Inc-UInc: 56 mantle layers which are Incompressible and isotropic, over a Uniform Incompressible core.
For easy future reference, we have listed the model parameters for Models 56CT, 56C, and 26C in Appendix F and have further presented the solutions for the case of large degree n in Appendix G. The complete list of LLNs for all the five models can be obtained from the first author at pan2@uakron.edu.
Figs 5-7 show the variation of the LLNs (−h n , nl n , and −nk n ) from n = 1 to 1000 for the five different earth models with some of the selected values from n = 1 to 6000 being listed in Tables 3-5 for further reference (including h 0 ). The results for degree n = 1 are based on the center of Earth (CE) system (see Appendix C). We further point out that for the transversely isotropic Earth Model 1 (56CT-26C), our code can run only to n slightly larger than 2000. However, by running our code for Models 1 and 2, we noticed that, the LLNs are convergent to each other with increasing n. In other words, the LLNs of the transversely isotropic earth model are nearly the same as those of the corresponding isotropic Earth Model 2 (56C-26C) for n > 2000. Furthermore, for Models 3 (56C-UInc) and 5 (56Inc-UInc), we have also listed in parentheses the LLNs from the program E-CL0V3RS v3.5 by Barletta and Bordoni, that has been benchmarked, using the Earth mantle modes with 56 layers. In using the E-CL0V3RS program, the density in each mantle layer is constant and the gravity is calculated in each layer exactly via Newton's gravitational law (17). By comparing our LLNs to those from E-CL0V3RS in Tables 3-5, we observe that the first two to three digits are exactly the same. This gives a measure of the effect of the assumptions necessary to find the analytic solution for a 56 layer model. This partially verifies that, since our model parameters (density and gravity) deviate by less than 1 per cent as compared to the PREM model, the listed LLNs should have a relative error less than 1 per cent. Furthermore, the following interesting features can be observed from these tables and figures:
(1) As expected, for a fixed core model, mantle compressibility substantially affects the LLNs (e.g. Tanaka et al. 2011) . The property that has the strongest effect is compressibility: the results fell into two distinct families, one for the compressible and one for the incompressible mantle. This can be observed by comparing Models 1-3 (56CT-26C, 56C-26C, 56C-UInc) to Models 4-5 (56Inc-26Inc, 56Inc-UInc). More specifically, an incompressible mantle remarkably reduces the magnitude of LLNs h n (Fig. 5) and even changes the sign of LLNs l n (Fig. 6 ). As such, assumption of an incompressible mantle needs to be carefully justified. However, the effect of mantle compressibility on the perturbed gravity potential is nearly negligible (Fig. 7) .
(2) For a given mantle model, the effect of the details of different core modelling (layering, compressibility) is very small. The very simple uniform incompressible core model yields very similar results as a layered incompressible and layered compressible core models do. The only obvious difference is for the lower degree LLNs from 1 to 4 (including h 0 ), giving therefore effect only at extremely long wavelength, at the global level. This substantial independence on the modelling details proves that it is not necessary to invoke very complex core model in most applications. This further indicates that it is possible to calculate the correct LLNs without much computational efforts. In other words, for LLNs with lower degrees (n = 1 to 4, including h 0 ), we use the detailed layered core model; but for large degrees n, we can simply use the equivalent homogeneous incompressible core model.
(3) For the given core model, mantle anisotropy (Model 56CT-26C) affects all the three types of LLNs. More specifically, the PREM anisotropy increases the amplitude of the LLNs as compared to the corresponding isotropic case (except for a few low-degree LLNs nl n ). Furthermore, its influence on nk n and h n is larger than for nl n . The difference is small for very low n, and peaks around degree n = 100, but remains noticeable up to degree n ∼ 1000. After that the LLNs converge to the isotropic ones. This reflects the physics of the problem, since the anisotropic layers are present in the model only for the depths between 220 and 24.4 km, which corresponds roughly to an interval of harmonic degree n between 90 and 800. Moreover, we notice that the relative effect (difference in percentage) is different in the three components of the LLN solution, and this could be very useful in various particular problems to better explain the observables, with respect to the isotropic case.
C O N C L U S I O N S
In this paper, we have presented an analytical solution for the deformation of a transversely isotropic, layered and self-gravitating Earth under concentrated surface loading. The solution covers both incompressible and compressible mantle and core, and reduces to the solution for the traditional isotropic mantle when eq. (5) is satisfied. The solution is derived in terms of the vector spherical harmonics with the expansion coefficients being obtained via the propagator matrix method. We derived the propagator matrices under the assumptions that in each mantle layer the density varies as 1/r and the gravity is constant, and that in each core layer the gravity is linearly proportional to r with a constant Table 4 . Load Love numbers nl n of different earth models. LLNs in parentheses are calculated from program E-CL0V3RS v3.5 by Barletta and Bordoni. For all five models, l 0 = 0. density. Under these assumptions it is possible to combine the analytic solutions for each layer into a solution for the layered Earth. This 'Darwin law' assumption for the density profile in the mantle, and especially the necessary decoupling of the density and gravity inside each layer, has an effect on the global solution, which we measured by comparing the results obtained based on our MATLAB implementation with the LLNs from Spada et al. (2011) . As we showed, the effect of the approximation is small but not negligible (about 4 per cent) for the benchmark incompressible model, which is anyway a worst case scenario for the comparison, as it consists only 5 thick uniform layers. However, with a finer density-layering structure we obtain a solution that converges to the exact result. This method allows us to compute efficiently the LLNs for models where both the mantle and core can be uniform or layered, compressible and incompressible, with isotropic or transversely isotropic mantle structure. Transverse isotropy is a special form of material anisotropy that is present in the mantle according to the PREM specifications. We applied the method to a set of previously-adopted earth models. Here we used a simple PREM-based layering that gives an estimated discrepancy with respect to the correct PREM results, much below 1 per cent as shown in the paper. Furthermore, whenever possible, we compared our results with those obtained via a benchmarked numerical software (E-CL0V3RS). Our calculation and comparison of the LLNs showed the following interesting features for the PREM earth models:
(1) The surface LLNs are almost insensitive to the details of the core model, apart from the very low degrees. This means that for a given mantle structure, a uniform incompressible core model yields very similar results as a layered incompressible core or a layered compressible core model does when the degree is larger than 4. Therefore both refined layering and compressibility in the core play a minor role and may only be useful in a very global spatial scale. This result is expected because the sensitivity of the solution to a specific layer at given wavelength depends on the depth of the layer, and most local and regional phenomena are insensitive to the lower mantle structure.
(2) The property that has the largest effect on the LLN is, as expected (Tanaka et al. 2011) , the compressibility in the mantle. All the models fall into two clear families. An incompressible mantle remarkably reduces the magnitude and even changes the sign of many LLNs.
(3) We also investigate the effect of mantle material transverse isotropy on the LLNs. For the given core model, this specific mantle anisotropy affects all the three types of LLNs with a small but measurable effect for all degrees to n ∼ 1000. For the PREM model, the difference of the LLNs between anisotropic and isotropic cases is not uniform, but peaks around degree n = 100. More specifically, the PREM anisotropy increases the amplitude of the LLNs as compared to the corresponding isotropic case (expect for a few low-degree nl n ) and its influence on nk n and h n seems larger than for nl n . This suggests that mantle material anisotropy could give a significant contribution, especially in local applications, when deviation from the average isotropic PREM model is significant, especially in the shallower layer.
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A P P E N D I X A : S P H E R I C A L H A R M O N I C F U N C T I O N A N D T H E C O R R E S P O N D I N G V S H
We present the spherical harmonic function and the corresponding VSH in this appendix as reference. The spherical harmonic function and the associated Legendre function are well-known but people are using them with different definitions and different normalization factors. In this paper and in the VSH eq. (7), the normalized spherical harmonic function S is defined by
The associated Legendre function P m n in eq. (A1) is defined as
where P n is the Legendre function of nth degree. Eq. (A2) holds for any positive m; when this index is negative, the associated function is defined in terms of its positive one as
In so doing, one can define
where an overbar denotes complex conjugate, giving as
It is noted that the scalar function S satisfies the following Helmholtz equation
It is easy to show that the VSH (7) are complete and orthogonal in the following sense.
where a dot means scalar product. The expansion coefficients can be found, for instance, for the scalar function ψ and the elastic displacement vector u, as
(A8)
A P P E N D I X B : M AT R I C E S A N D T H E I R E L E M E N T S I N E Q. ( 2 0 b )
First, eq. (18) can be ordered as 
For the given layer, we introduce the variable transformation as defined by eq. (19). Then, in terms of the new variable ξ , eqs (B1) and (B2) can be recast into
Eqs (B5) and (B6) can be combined and presented in the following enlarged matrix form
where the superscript prime denotes derivative with respect to ξ .
A P P E N D I X C : T H E P E RT U R B E D P O T E N T I A L A N D L OA D L OV E N U M B E R S
C1. Boundary conditions of the traction and the perturbed gravitational potential
We introduce the total potential as
where ψ 0 is the potential before the perturbation, and therefore it satisfies the following governing equations and boundary conditions
where the superscripts (i) and (e) denote the internal (r < a) and external (r > a) quantities.On the deformed surface r = a + u r (a), we then have
where γ (say = ρ w h w with ρ w being the ocean (water) density and h w the ocean height of the water) is the mass applied on the surface of the Earth.
Making use of eqs (C1)-(C3) and in terms of the perturbed potential ψ, we have the following boundary conditions (by keeping only the first-degree small variables)
Now the perturbed gravitational potential ψ can be expressed in general as the summation of the following two terms:
where the subscripts d and l denote the deformation-perturbed potential and load potential (the potential related to the applied load).
C2. Deformation-related perturbed potential ψ d
It is obvious that ψ d should satisfy the following governing equations
and the condition on the surface of the Earth r = a
From now on, our analysis will be restricted to the nth term of the spherical surface function S (i.e. any time n appears, it means the relation for the nth term). We notice that in r > a, ψ d should satisfy the Laplace equation (the second expression in C7), that is it should be harmonic. Therefore, on the surface r = a, we have the following relation.
Thus, the second expression in (C8) becomes (r = a)
The right-hand side is also understood as the nth term of the radial displacement u r . Using the relations among different potentials in eq. (C6), eq. (C10) becomes (r = a)
On the right-hand side of eq. (C11), the load potential can be either from inside or outside of the Earth since it is continuous at r = a. Furthermore, it is noted that the nth term of ψ l is proportional to S n as
where S n = S(θ , φ; n, m) is the nth spherical function. Therefore, in terms of the expansion coefficients, eq. (C11) can be finally expressed on the surface r = a as
The right-hand side is understood as the expansion coefficient of the nth term. Therefore, for the surface loading case, the traction and potential flux boundary conditions on the surface of r = a become (their expansion coefficients)
Using the mass expansion coefficients, we have
where we have assumed that the scalar mass γ can be expanded as (the expansion coefficients should be also a function of time t)
The load-related perturbed potential ψ l can be expanded as
where it can be shown that
Or
We now briefly derive the relation eq. (C18): First, the load-related perturbed potential ψ l should satisfy 
At r = a, the following conditions should be satisfied
Then, substituting eqs (C16) and (C21) into eq. (C22) gives eq. (C18).
C3. Definition of LLNs
The three load Love numbers LLNs (h n , l n , k n ) on the surface of the Earth r = a can be defined as (for the physical quantities proportional to the magnitude of the nth term of the harmonic surface load potential ψ l )
It is easy to see that (in terms of the magnitude of the expansion coefficients of ψ l )
C4. Solutions and LLNs for degree n = 1
It is well known (Farrell 1972; Saito 1974; Pan et al. 1986 ) that when n = 1, there is a rigid-body motion solution in eq. (13) and this solution can be expressed as (with superscript r being rigid motion)
Following Farrell (1972) , we let any one of the coefficients c i in eq. (38), say, c 3 = 0, and then propagate the solution matrices to the surface to satisfy any two of the three boundary conditions in eq. (38). We name the solution thus found as U c and T c , and notice that it contains a rigid-body motion of the center of the Earth after loading. Since eq. (C25) is also a solution, it is obvious that the following expression also constitutes a new solution to the problem (with α being a coefficient to be determined)
This equation actually provides us a condition to constrain the center of the Earth. If we assume that the deformed center of the Earth (CE) is fixed in the space, we then find that
The new LLNs are then obtained as
where the LLNs with superscript 'c' are those calculated based on the solution U c and T c . We further point out that the LLNs with superscript 'c' in eq. (C28) are actually those based on the centre of mass (CM) reference system.
A P P E N D I X D : A N A LY T I C A L S O L U T I O N S F O R D E G R E E n = 0
When n = 0, we have only the spherical symmetric deformation. In other words, the solution depends only on the radial coordinate r. As such, the N-type and M-type coefficients should be all zero, and we are thus left with only the L-type expansion coefficients. For the governing equations without body force, we have in the mantle,
From the second and fourth expressions, we have
A solution of which is
Eq. (D1) is therefore changed to
Eq. (D4) indicates that the elastic spherical deformation is uncoupled from the perturbed gravitational potential and, therefore, can be solved independent of it. In other words, for degree n = 0, we need only to solve U L and T L using the first two expressions in eq. (D4), subjected to the following interface continuity conditions.
Making use of the density assumption of 1/r in eq. (15), the first two expressions in eq. (D4) can be written as
Eq. (D6) can be further written as 
where the isotropic case can be reduced by using eq. (5). Making use of the exponential variable transformation as defined by eq. (19), we can change eq. (D7) to
where the prime denotes the derivative with respect to variable ξ . In terms of the exponential matrix, the general solution of eq. (D9) in the given layer at ξ can be expressed in terms of its solution at ξ = 0 as
where matrix [A] is related to b ij as
Relation (D10) can be propagated, in the mantle, from the core-mantle boundary r = r c to the surface at r = a to obtain
where matrix [A i ] is related to the material properties in layer i as defined in eq. (D11). In the core (r < r c ) which is isotropic with μ = 0, the first two expressions in eq. (D4) are reduced to
Same as for the other degree n, we assume that the gravity in each layer of the core are linear, that is g = kr, and that the density is constant. Then we can rewrite eq. (D13) as
The general solution of eq. (D14) can be expressed as
with the solution matrix [B] being
In eq. (D16), the prime denotes derivative with respect to the combined variable (pr), not with respect to r, and
Also in eq. (D16), j 1 and y 1 are the spherical Bessel functions of the first and second kinds.
As we pointed out in Section 4, instead of assuming g = kr in each layer, one could assume that the density varies as 1/r in each layer. This will also lead us to the analytical solution associated with degree n = 0.
From the general solution eq. (D15), we have the following propagating relation between the upper and lower interfaces of layer i, as
Thus, the propagating relation (D18) can be propagated from one layer to the next. What we need now is just the starting solution of eq. (D13) in the innermost core when r is very small. Since at the centre r = 0, we have g = 0 and ρ = constant, we have, near the centre,
which has a general solution when r ≤ r 0 as
We therefore can propagate the solution from r = r 0 all the way to the surface at r = a to obtain
Then, applying the surface condition
to the second expression in eq. (D22), we can solve for the unknown constant c; substituting back to the first expression in eq. (D22), we find U L (a), and thus the only nonzero LLN for degree n = 0 as
We point out that, for the incompressible mantle and core models (i.e. Model 4 with 56Inc-26Inc and Model 5 with 56Inc-UInc), the solutions of U L and T L in each layer are zero and therefore, the LLN h 0 = 0 (Longman 1963; Farrell 1972; Pan et al. 1986) . For other models discussed in this paper, we have h 0 = −0.13431 for the transversely isotropic Model 1 (56CT-26C), h 0 = −0.13396 for the isotropic Model 2 (56C-26C), and h 0 = −0.10811 for the isotropic Model 3 (56C-UInc). Notes. The gravity in our model is the average in the layer calculated using eq. (17) with the input density satisfying eq. (15). Therefore, while Spada et al. (2011) used constant density and varying gravity from the Newton's law, we used 1/r-density variation as described by eq. (15) and constant gravity which is the average in the layer calculated using eq. (17). Table F1 . Mantle Model TI56 (layered compressible and transversely isotropic mantle). 
A P P E N D I X E : B E N C H M A R K M O D E L O F S PA DA E T A L . ( 2 0 1 1 )
A P P E N D I X F : P R E M M O D E L S O F L AY E R E D M A N T L E A N D C O R E
Layer # Radius r i (m) Density (kg m -3 ) A (Pa) C (Pa) L (Pa) N (Pa) F (Pa) Gravity (mLayer # Radius r i (m) Density (kg m -3 ) A (Pa) C (Pa) L (Pa) N (Pa) F (Pa) Gravity (m s -2 )
A P P E N D I X G : A S Y M P T O T I C E X P R E S S I O N S F O R L L N s O F L A RG E D E G R E E n
When either using an analytic expression or solving the equations numerically, it is inevitable that one is to encounter numerical precision problems (Riva & Vermeersen 2002 ). These problems may occurs depending on specific implementation details (intrinsic precision of the tools/programming language/library used, choice of the algorithm, and many other minor aspects that may have a large impact), and thus it can be useful to have some asymptotic formulas which can also be used to check if the code behaves correctly. We therefore provide some asymptotic expressions and show how they can be applied to the models studied in this paper. There are already published formulas (i.e. Guo et al. 2004 ), but they are not so accurate, therefore we provide our expressions for interested readers.
When calculating the LLNs for the different PREM models studied in this paper, we observed that, after certain large n = N, the asymptotic behaviours of the three LLNs can be approximately predicted using the following formulations (i.e. for any n ≥ N) −h n = −h ∞ + a 1 log(n) + a 2 n a 3 ;
where a i , b i and c i are parameters to be determined, and h ∞ , L ∞ and K ∞ are the limiting values of h n , nl n and nk n at n = ∞. These limiting values correspond to the normalized surface responses in a layered half space under surface loading (e.g. Pan 1989 ). For the different PREM earth models studied in this paper, the homogeneous half-space solution associated with the Boussinesq problem can be utilized to calculate the limiting values (Farrell 1972 
where m e is the total mass of the Earth, ρ e is the average density of the Earth, g a the gravity on the surface, a again the radius of the Earth, ρ is the density, and λ and μ are the two Lame's constants in the surface layer of the Earth. Taking Models 2 (56C-26C) and 5 (56Inc-UInc) as examples, we find that, respectively, ⎡ 
If we fix a 3 , b 3 and c 3 at 2, and use only two points to find the remaining coefficients a i , b i and c i (i = 1, 2) in each expression of eq. (G1), say using values at points n = 5500 and 6000, we found that eq. (G1) can be used to predict the LLNs for all n > 6000 with a relative error at most 0.001 per cent. The coefficients corresponding to these two models are listed below (obtained using Mathematica):
For Model 2 (56C-26C): 
We now apply these asymptotic expressions for large degree n. While Fig. G1 shows the LLNs for Model 2 (56C-26C). Fig. G2 shows those for Model 5 (56Inc-UInc) where the LLNs are plotted for n from 1 to 100 000. It is noted that LLNs for any large n can be predicted based on eq. (G1). Furthermore, we have listed in Tables G1 and G2 some LLNs, respectively, for Model 2 (56C-26C) and Model 5 (56Inc-UInc) based on both direct calculation and asymptotic prediction of eq. (G1). It can be observed from these tables that the asymptotic prediction of the LLNs (in parentheses) based on eq. (G1) is very accurate in the entire range from n = 3000 to infinity, much better than other asymptotic expressions available in the literature.
We further point out that eq. (G1) is valid for n > 6000 only for the PREM models studied in this paper. For different mantle models with different thickness layers, the asymptotic behaviour needs to be carefully analysed for accuracy. Figure G1 . LLNs of Model 2 (56C-26C) versus n from 1 to 100 000 (analytical solution for n ≤ 6000 and asymptotic solution (G1) for n ≥ 6000). Figure G2 . LLNs of Model 5 (56Inc-UInc) versus n from 1 to 100 000 (analytical solution for n ≤ 6000 and asymptotic solution (G1) for n ≥ 6000). Table G1 . LLNs (−h n , nl n and −nk n ) of the Earth Model 2 (56C-26C) for large n. Values without parentheses are directly calculated using our analytical formulations and those in parentheses are predicted based on the asymptotic expression eq. (G1). Table G2 . LLNs (−h n , nl n and −nk n ) of the Earth Model 5 (56Inc-UInc) for large n. Values without parentheses are directly calculated using our analytical formulations and those in parentheses are predicted based on the asymptotic expression eq. (G1).
n −h n nl n −nk n
